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1. INTRODUCTION AND MAIN RESULTS 
In this paper, we study the asymptotic behavior of solutions to the following reaction-diffusion 
systems w i th  t ime delays ar is ing f rom a three-spec ies  predator -prey  model :  
Ult ~ d lAu l  + u l (a l  -- b l lU l  - blRUR(x,t  - 7-2), 
uRt = dRAu2 + uR( -a2  + b21u1(x,t  - 7-1)  - b22u2 - b23u3(x, t - T3)), 
(x, t) e a x (o, ~), 
ust = dsAu3 + u3(-as + bsRuR(x, t - ~-2) - bs3us), (1.1) 
Oul OuR Ous 
o .  - o~ - o~ - o, (~, t) e o a × (o, ~), 
u~(x , t )=u~(x , t )>o , (x , t )  ~ a × [ -~,0] ,  i = 1 ,2 ,3 ,  
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where ~ is a bounded domain  in R N with smooth  boundary  0~,  ~ is the outward  unit normal  
vector of 0~,  u~ represents the spatial density of the ith species. Constants d~, a~, ~, and b~j are 
all positive. In the context of ecology, dl, d2, and d3 are the dispersal rates or diffusion coefficients, 
al denotes the intrinsic growth rate of the first species, a2 and a3 denote the mortality rates of 
the second and third species, respectively, bn, b22, and b33 represent self-limitation rates, b~2, 
b21, b23, and b32 represent interaction rates, T~ denotes the time delay. The  initial data U~(x, t), 
i -- I, 2, 3, are H61der continuous functions on ~t × [-~-~,0]. 
By  the upper  and lower solutions method  we know (I.I) has a unique nonnegative global 
solution (u~,u2,u3). Moreover, if U~(x, 0) ~ 0 for some i then u~(x,t) > 0 on ~t x (0 ,~)  for the 
same i, if Ui(x,0) - 0 for some i then ui(x,t) - 0 on ~ x [0,~) for the same i, see [1-5]. In the 
recent paper [2], Lin discussed the asymptotic behavior of solutions to (I.I) by discussing the 
dynamics  of the following algebraic system: 
c~(al - bncl - b12c2) - 0, 
c~(-a~ + b2~cl - b~2c~ - b23c3) = 0, (1.2) 
c3(--33 ~- b32c2 - b33c3) : 0. 
It is obvious that (0, 0, 0) and (al/bl~, 0, 0) are the nonnegative solutions of (1.2), and if alb21 > 
a2bll then (~1, ~,  0) is also a nonnegative solution of (1.2) with 
a~b22 + a2b12 a~b2~ - a2bn 
~1 = bnb~2 + b12b2~ 5~ = . (1.3) ' bnb~ + bl2b~l 
Furthermore, if a~ satisfies 
al(b~2b~3 + b23b3~) + a~b~b33 > a3b~2b~3, 
alb~lb33 + a3bnb~3 > a~bnb33, (1.4) 
then (~1, c2, C3) with 
alb21b32 > a2bnb32-~-a3(bnb22-kb12b21), 
Cl = al(b22b23+b23b32)+a2b12b33-a3b12623 
bu(b22b33+b~3b32)+b12b21b33 
alb~b33+a3bnb23 -a2bnb33 
bu(b~b33+b23b32)+b~b~lb33' 
a lb~b~-a~bnb3~-a3(bnb2~+b~b~l )  
b11(b22533 Jc-b23532)--]-b12521533 
(1.5) 
is a positive solution of (1.2), and vice versa. The main results of paper [2] is the following 
theorem. 
THEOREM A. Let (Ul(X, t), us(x, t), U3(X , t ) )  be the unique nonnegative and nontrivial solution 
of (1.1). Then the following results hold. 
(a) I f~(x ,o )  - o, then (ul(x,t) ,  u2(x,t), -3(x,t))  ~ (0,0,0) uniformly on ~ as t -~ ~.  
(b) If '72(x, 0) - 0, and either 71(x, 0) ~ 0 or al is very small. Then (~l(X, t), ~2(~, t), 
u3(x, t)) --* (a l /b~,  O, O) uniformly on ~ as t -~ oo. 
(c) / /~3(x,0) -- O, and alb21 > a2bu, bub22 > b12b21. Then (Ul(X,t), u2(x,t), u3(x,t)) --* 
(cl, c2, O) uniformly on ~ as t --* oo provided that the following hold: 
a.2_2 a l  b2~ <~l (~, t ) _< b-~' in~× [ -~,0] ,  0<W(~, t ) _< alb~l-a2bllb~1522 , inn  × [-~i,0]. 
(d) Assume that (1.4) holds, and bnb22b33 > b12b21b33 + bnb23bs2. If the initial data satisfy 
8 i -  fii < ~?~(x,t) _< ci + fii on ~ x [-~'i, 0], where 5i is small positive constant and satisfies 
51 = b1252/bn, 53 = b32fi2/b33, and fii < 8i, i -- 1,2,3. Then (ul(x,t) ,  u2(x,t), u3(x,t)) --~ 
(51,52,~3) uniformly on ~ as t --~ oo. 
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In the present short paper, we will use the upper and lower solutions method directly to discuss 
the asymptotic behavior of solutions to (1.1) for Cases (c) and (d) in Theorem A, and get the 
better results. The main result is the following theorem. 
THEOREM 1. Assume that (ut, u2, u3) is a unique nonnegative and nontrivial solution of (1.1). 
Then we have the following. 
(i) When r~a(x,0) ~ 0 on ~. Assume that a1612 > a2bn, b11b22 > b12b2]. And let (C l ,C2)  be 
given by (1.3). Then for any positive constants a~ and fl~ satisfying 
O < ai < ei, i=1 ,2 ,  
(1.6) 
b~2a~ < bu/31, b~s¢~2 < bua l ,  b~l~t < b~2~, bs~al < bs~a~, 
if the initial data ~h(x, t) and ~2(x, t) satisfy 
a2 - a2 _< tie(z, t) _< a~ +/~u, 
on t) x I--r1,0], 
(1.7) 
on f ix  [-r~, 0], 
we have 
(ut (x , t ) ,u2(x , t ) ,ua(x , t ) )  --* (~ ,~,0) ,  unKormlyon ~ ast  -* oe. (1.8) 
In particular, if the initial data f ] l (X,  t )  and ~12(x, t) satisfy 
a2 __  D b21 < ~i(z, t) < Cl @ b22 ^  2aib21622 + a2(bi2b21 biib22) 
- -  b2i c2 = b2i(biib22+b12bm ' 
0 < ~2(x,t) < 2~2 alb21 - a2b11 
=2bnb2-----22+b12b2 1 ' 
on f i x  f -q ,  0], 
on ~1 x [-~2, 0], 
(1.9) 
(ii) 
then (1.8) holds. 
Assume that (1.4) holds and bnb22ba3 > b12b21b33 + bnb23ba2. Let (cl,c2, ca) be given 
by (1.5). Then for any positive constants ai and/3i satisfying 
0 < ai < 5i, i = 1,2,3, 
b12a2 < b11J31, b1@2 < bnal ,  bs2/~2 < baa/~a, 
b32a2 < baaaa, b21~1 + b23013 < b22J32, b210zl + b23J33 < b22a2, 
0.1o) 
if the initial data ~t(x, t), ~2(x, t), and 713(Z , t )  satisfy 
a2 - a2 < ~2(z, t) < a2 +/~2, 
on ~ × f--T1,0], 
on fi x f--r2, 0], 
on f i x  [--r3, 0], 
(1.11) 
we have 
(Ul (x , t ) ,u2(z , t ) ,ua(x, t ) )  --* (Cl,C2, c3) , unifofInly on ~1 as t --* oo. (1.12) 
REMARK 1. In (i) of Theorem 1. As alb12 > a2bn and bllb22 > b12b21, it follows that 
al 2alb21b22 + a2(b12b21 - b11622) alb21 - aib11 < 2 alb21 - a2bn - -<  
bll b21(bnb22 + b12b21) ' bnb22 bnb22 + b12b21 " 
Our  conditions on  the initial data to guarantee the asymptot ic  behavior (1.8) holds are better 
than those of Theorem A (c). 
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REMARK 2. In (ii) of Theorem 1. As al satisfies (1.4) and bllb22b33 > b12b21b33 + b~b23b3~, we 
see that (1.10) has solutions. In fact, there exists s* > 0, such that 
bllb22b33 ( l -e* )  >b12b21b33+bllb23b32. 
It is obvious that for each e : 0 < z _< e*, and 5 : 0 < 5 < e/(1 -e ) ,  
bl lb22baa(1-e)  > b12b21b33+bl lb2ab32(1-e)( l+5) .  (1.13) 
If we take a l  =/~1, a2 =/~2, and aa = f13 such that 
b12_ b12b33~ }
0 < c~1 < min Cl, b11C2, b11b3----~c3 , 
bll 
0 < a2 < b-~2 c~1 (1 - E) < ~2, 
b11ba2 - 
0 < a3 _< bl -~3al(1 - ~)(1 + 5) < c3, 
with 0 < e _< E* and 0 < 5 < e / (1 -e ) .  Then (1.10) holds. For these choices of ai = ~i, i = 1,2, 3, 
the ranges (1.11) for the initial data ~(x, t) to guarantee the asymptotic behavior (1.12) holds 
are more relaxed than those of Theorem A (d). 
The upper and lower solutions method for reaction-diffusion systems with continuous and/or 
discrete time delays has been established (cf. [1,3,5-8]). The asymptotic behavior and stabil- 
ity of solutions of reaction-diffusion systems with time delays were discussed by many authors, 
see [3,5,9,10] and the references therein. Recently, Pao [10] discussed the convergence of solu- 
tions of reaction-diffusion systems with continuous and discrete time delays by discussing the 
corresponding algebraic systems. Using our method, it is easier to get the conclusions for the 
examples in [10]. 
2. PROOF OF  THEOREM 1 
PROOF OF (i). As u3(x, 0) = rJ3(x, 0) - 0 on ~), the uniqueness of solution implies u3(x, t) - 0. 
Problem (1.1) becomes 
ult = d lAUl  + u l (a l  - bl lul  - b12u2(x, t - T2), 
u2t = d2Au2 + u2(-a2 + b21ul(x,t  - ~h) - b22u2), 
0U 1 0U2 
Ov Ou 
u~(x, t) = ~,(x, t) >_ o, 
(x, t) e a × (0, ~) ,  
(x, t) e o a × (0, ~) ,  
(x, t) e a × [-~,, 0], i=1 ,2 .  
(2.1) 
Using the second inequality of (1.6), there exists a positive constant p such that 
b120~2eP'r2 <_ ~l (bll - P ) , 
b21flle p~'I < ~2 (b22- P )  , 
b12P2ePT~ <_ a1(b l l  - P ) , (2.2) 
(2.3) 
Set 
Ul(X,t) = Cl - a le  -pt, 
u_2(x, t) = ~2 - a2e -pt, 
~l(X,t) = Cl + ~1 e-pt, 
~2(z, t )  = ~2 + H2e -pt. 
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Now, we prove that (u_~, u_2) and (g~, g~) are the coupled upper and lower solutions of (2.1). We 
first; prove 
~l.lt ~ dlA~tl + ~1(al - bll~t1 - b12u_2(t - ~'5)), 
fiat _> d2Ag2 + ~22(-a2 + b21~l(t - T1) -- b2292), 
u_lt < dlAu_ 1 + ul(a~ - b~lU_~ - b~e~2(t - ~-2), 
u~t <_ d~Au~ + u~(-a5 + b~u_~ (t - ~-~) - bs~u2) , 
in f~ x (0, oo), 
in f tx  (0, oo), 
in f /x  (0, oo), 
in Ftx (0, 0@. 
The direct computation shows that the first inequality of (2.4) holds if and only if 
(2.4) 
--p~le-Pt > (51-t-/31e-Pt) (a l -b1151-b1252-b11/31e-Pt  +b12oz2e-p(t-T~)) . (2.5) 
As (5~, 55, 0) is the solution of (1.2), it follows that (2.5) is equivalent o 
(51 -~ /31 e-pt) (b11/31 - b12a2e p'~2) >_ p/31. 
This is a consequence of the first inequality of (2.2). In the similar way we can verify other three 
inequalities of (2.4). 
The following relations are obvious: 
0-~ i 0__u i -- - - -0 ,  (x,t) EOf~x (0, oo), i=1 ,2 ,  
Ou Ou 
u i (x , t )  <__ r}i(x,t) <_ g i (x, t ) ,  (x,t)  e fl x [-'ri, 0], i = 1, 2. 
(2.6) 
Combining (2.4) and (2.6) we know that (u_l, u2) and (gl, g2) are the coupled upper and lower 
solutions of (2.1). Therefore, the solution (ul, u2) of (2.1) satisfies 
udx,  t )<u, (x , t )<_g~(z , t ) ,  (x,t) e f t  x [0, oc), i = 1,2. 
As p > 0, it follows that (1.8) holds. 
]Now we assume that (1.9) holds. Note that ~/~(x, t) and ~2(x, t) are continuous, and b~b55 > 
b12b21, there exists a constant e > 0 such that 
b12 (55 - e) b25 (55 - 2e) < 
bll bm ' 
s < r~5(z, t) < 252 - E, 
(a2 + 2eb22) 
< rll(X, t) < 51 + 
b21 
b22 (55-2z )  
b51 
on x [ - r s ,  0], 
on fi × [ - '1 ,0 ] .  
(2.7) 
Choose f12 = a2 = 52 - e, t31 = OZl = b22(~2 - 2e)/b21. The first inequality of (2.7) implies (1.6), 
and the last two inequalities of (2.7) imply (1.7). By the previous result we have that (1.8) 
holds. | 
PROOF OF (ii). The proof is similar to that of (i). First, by (1.10), there exists a constant p > 0, 
such that 
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UI (X , t )  ~-~ C1 - -  OLle -pt, 
u_2(x, t) = ~2 -- a2e -pt, 
u__3(x , t )  ~- c3 - -  c~3e -pt, 
~l(x ,  t) = al + Zxe -pt, 
~2(x, t) = a2 + Z2e -pt, 
u3(x, t) = c3 -]- ~3 e-pt. 
Similar to the arguments of (i) we can prove that  (ul, u2, u3) and (~1, u2, u3) are the coupled 
upper and lower solutions of (1.1). Therefore, the solution (Ul, u2, u3) of (1.1) satisfies 
u i (x , t )<u i (x , t )<~i (x , t ) ,  on ~ × [0, c~), i = 1,2,3. 
Consequently, (1.12) holds. This completes the proof of Theorem 1. 
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